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Specification content

Unit C1 — Core Mathematics

The examination

The examination will consist of one 1% hour paper. It will contain about ten questions of
varying length. The mark allocations per question will be stated on the paper. All questions
should be attempted.

Formulae which candidates are expected to know are given in the appendix to tlus vt and these
will not appear in the booklet, Marhematical Formulae including Statistical Formilae and
Tables, which will be provided for use with the paper. Questions will be set in ST units and other
units i COMMOonN Usage.

For this unit, candidates may not have access to any calculating aids, including log tables and

slide mles.
Preamble

Construction and presentation of rigorous mathematical arguments through appropriate use of
precise statements and logical deduction, invelving correct use of symbols and appropriate
connecting language 1s required. Candidates are expected to exlubit correct understanding and
use of mathematical language and grammar in respect of terms such as “equals’. “identically
equals’, ‘therefore’. ‘because’. ‘implies’. “1s implied by’ ‘necessary’, ‘sufficient”, and notation
such as ., =, < and <.

SPECIFICATION NOTES

1. Algebra and functions

Laws of ndices for all rational exponents. The equivalence of @"" and ™a" should be
known.

Use and mampulation of surds. Candidates should be able to rationalise
denommnators.

Quadratic functions and their graphs.

The discrinunant of a quadratic function.

Completing the square. Solution of quadratic Solutton of quadratic  equations by
equations. factorisation, use of the formmla and

completing the square.

Simultaneous equations: analytical solution by For example, where one equation 1s linear and
substitution. one equation 1s quadratic

Solution of linear and quadratic mequalities. For example, ax + 5= cx + 4,
prrgtrz0,pc tgtr<ax+b.



Algebraic  mamipulation of  polynonmals, Candidates should be able to use brackets.
including expanding brackets and collecting like Factonsation of  polynonuals of degree »,

terms, factorisation. n<3, egx +4x° + 3x. The notation fix) may
be used. (Use of the factor theorem 1s nof
required.)

Graphs of functions; sketching curves defined Functions to mclude simple cubic functions
by sumple equations. Geometrical interpretation  and the reciprocal function ¥ = &ix with x = 0.
of algebraic solution of equations. Use of

intersection points of graphs of functions to Knowledge of the term asymptote is
solve equations. expected.

Knowledge of the effect of simple Candidates should be able to apply one of
transformations on the graph of y = fix) as these transformations to any of the above
represented by v = afix). y=1f{x)+a. functions [quadratics, cubics. reciprocal] and
y=flx+a). y="1flax) sketch the resulting graph.

Given the graph of any function y = fix)
candidates should be able to sketch the graph
resulting from one of these transformations.

2. Coordinate geometry in the (x, y) plane

Equation of a straight line, including the forms To include

y—y=mix—x)and ax+ by +ec=0 (1) the equation of a line through two given
Conditions for two straight lines to be parallel or  points,
perpendicular to each other. (11) the equation of a line parallel (or

perpendicular) to a given line through a given
point. For example, the line perpendicular to
the line 3x + 4y = 18 through the point (2, 3)
has equation y—3= < (x-2).

3

3. Sequences and series

Sequences, including those given by a formula
for the nth term and those generated by a simple
relation of the form x,-; = f{x,).

Arithmetic series, including the fornmla for the  The general term and the sum to # terms of the

sum of the first » natural numbers. series are required. The proof of the sum
formula should be lmown.

Understandmg of 3. notation will be expected.



4. Differentiation

The derivative of fix) as the gradient of the
tangent to the graph of v = f(x) at a pomt; the
gradient of the tangent as a linut; interpretation
as a rate of change; second order derivatives.

Differentiation of 1" and related sums and
differences.

Applications of differentiation to gradients,
tangents and normals.

5. Integration

Indefinite integration as the reverse of
differentiation.

Integration of x".

For example, knowledge that 3—} 1s the rate of
X

change of v with respect to x. Knowledge of
the chain mle 1s not required.

The notation f'(x) mav be used.

Eg. for n=1, the ahlity to differentiate
expressions such as (2x+35){x— 1) and
X +5x-3

152

1s expected.

3x
Use of differentiation to find equations of
tangents and normals at specific points on a
curve.

Candidates should know that a constant of
mitegration 1s required.

For example, the ability to integrate
x+2) .
(x+2)°

1
12

o1 1.2 .73
expressions such as $x°-3x % |

expected.

Given f(x) and a point on the curve,
candidates should be able to find an equation
of the curve m the form v = f{x).



Appendix C1 - Formulae

This appendix lists formulae that candidates are expected to remember and that may not be
mcluded m formulae booklets.

Quadratic equations

, b+ fb - dar
ar’+br+c=0hasroots ————
2a
Differentiation
function derivative
x" ”J‘.r.- 1
Integration
function mtegral
x*® e ne-1

n+l



Core Mathematics C1

Mensuration
Surface area of sphere = 477r°

Area of curved surface of cone = 77 x slant height

Arithmetic series

p=a+(n-1)d

Sp= %H(ﬂ +0= %11[20—1- (n—1)d]

“
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C1 Note
Indices

Laws of indices for all rational exponents. The equivalence of a" and¥/a™ should be known.

We should already know from GCSE, the three Laws of indices :

(1) a"xa"=a™" (e.g. a’xa’=ad)
Iy a"=a"=a"" (e.g. a’ +a*=a%
(my (a" )n =™ (eg. (@° )7 =a%)

In addition to these we need to remember the following:

1 —
REMEMBER Va=a?, Ya=a', 2=a’, a’ =+ etc
a a
1 1
Ja=a?, Ya=a
So, for example:
1 1 1
642 = /64 =8 1253 = 3125 =5 102410 = 91024 = 2
1 a', a"= L
a a"
So, for example:
1
2—3:%:1 252:i:1 4—1:1
2° 8 J25 5 4

So, for example,

4 1\ 5 1y
273:[273] =3'=81 42=(42} =2°=32

3 1y’ 21
6254=(6254} =5°=125 83 = == =

Copyright www.pgmaths.co.uk - For AS, A2 notes and IGCSE / GCSE worksheets 7



For use only in Thomas Tallis School February 2014
C1 Note

REMEMBER a°’ =1 and a' = a for all values of a.

Exam Question 1
Given that 2% = 1 and 2’ =42,

V2
(@  find the exact value of x and the exact value of y,

1 1
J2-22 50— =272, Hence x=—+
7 2

1

5
42 =22 x272 =22 Hence y:g

(b) calculate the exact value of 27 %
5 1

2V* =22 2=2°-38
Edexcel GCE Pure Mathematics P1 January 2002

Exam Question 2
(a)  Given that 8 = 2, write down the value of k.

k=3
(b)  Given that 4*=8>"*  find the value of x.
4x — 82—x
= () =(2)"
= 22X — 26—3X

= 2X=6-3X
=5x=6

6
=X=—
5

Edexcel GCE Pure Mathematics P1 June 2001
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Surds

Use and manipulation of surds. Students should be able to rationalise denominators.

The square roots of certain numbers are integers (e.g. Jo = 3) but when this is not the case it is often
easier to leave the square roots sign in the expression (e.g. it is simpler to write V3 than it is to write

the value our calculator gives, i.e. 1.7320508...). Numbers of the form \/E \/§ 5 etc. are called
surds. We need to be able to simplify expressions involving surds.

It is important to realise the following : v/ab =vaxb =vaxvb  eg.v/6 =v/2x3=2x+/3.

Now we see from the above that we can sometimes simplify surds.

For example

J75

or \/%:\/25x2:5\/§
21 21\/§=7\/§

and —==——

J3 3

We can only simplify an expression of the form Ja if a has a factor which is a perfect square ( as
the number 25 was in the above example).

Multiplying surds: Multiply out brackets in usual way (using FOIL or a similar method). Then
collect similar terms.

eg. (5-V3)(7++3)=35+5/3-7V3-3=32-2\3
(3—\6)(3+£)=9+3\E—3\E—5=4
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C1 Note
(14+2V5)
Dividing surds: For example simplify W .

The denominator of this fraction is (3 _ \/3) .

This is irrational and we need to be able to express this in a form in which the denominator is
rational.

To do this we must multiply top and bottom of the fraction by an expression that will “rationalise the
denominator”.

We saw from above that (3 - \/5)(3 + \/5) = 4 so we multiply top and bottom by (3+ \/5) .

So we have the following

(14+2J§) =(14+2J§)(3+J§)
(3-v5)  (3-+5)(3+5)
_52+20\5

4
=13+4+5

Rationalising the denominator:

If the denominator is a++/b then multiply top and bottom by a — Jb.
If the denominator is a—+/b then multiply top and bottom by a + Jb.
If the denominator is v/a ++/b then multiply top and bottom by Ja-+b.
If the denominator is v/a — /b then multiply top and bottom by Ja++/b.

Exam Question
Given that (2 + V7)(4 — V7) = a + b\7, where a and b are integers,

(@ find the value of a and the value of b.

(2+7)(4-7)=8+4V7-247T-7=142J7 s0 a=1, b=2.

7
4++7

(b)  find the value of ¢ and the value of d.

2+ﬁ_(2+ﬁ)(4—f) 14247 1 2[
4+ﬁ_(4+ﬁ)(4—f) 16-7

2+ )
Given that = ¢ + d\7 where ¢ and d are rational numbers,

Edexcel GCE Pure Mathematics P1 January 2001
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Quadratics
Quadratic functions and their graphs.
The graph of y = ax® +bx+c.
(i) a>0 (i) a<0

/

\ T/ - h
X / ///ﬁ\\
// \\.

February 2014
C1 Note

The turning point can be determined by completing the square as we will see later.

The x-coordinates of the point(s) where the curve crosses the x-axis are determined by

solving ax* +bx+c =0.

The y-coordinates of the point where the curve crosses the y-axis is c. This is called the

y-intercept.

The discriminant of a quadratic function.

—b++/b%*-4ac
2a

In the quadratic formula x =

, the Discriminant is the name given to b® —4ac.

The value of the discriminant determines how many real solutions (or roots) there are.

If b? —4ac < 0 then ax? +bx +c¢ =0 has no real solutions.
If b?> —4ac = 0 then ax® +bx +c =0 has one real solution.

If b2 —4ac > 0 then ax® +bx +c =0 has two real solutions.

Completing the square
Example 1 Complete the square on x* +6x +11.

We can write x* +6x = (x+3)° -9
and so we see that X* +6x+11=(x+3)* —9+11=(x+3)* + 2.

“3” is obtained by halving “6”

So X* —8Xx+3=(x—-4)"-16+3=(x—-4)"-13
and X —x+1=(x-1)-14+4=(x-1)"+2.

We can use completing the square to find the turning points of quadratics.
Complete the square to find the turning point

Example : Find the turning point of y = x* + 6x+11.
Completing the square on y = x> +6x+11 gives y = x> +6x+11=(x+3)* + 2.
Since (x+3)* >0 we have that (x+3)?+2>2 andso y>2.

It takes that minimum value of 2 when (x +3)* =0, that is when x = -3.

Hence the minimum point at (-3, 2).

Copyright www.pgmaths.co.uk - For AS, A2 notes and IGCSE / GCSE worksheets

11



For use only in Thomas Tallis School February 2014
C1 Note

Solution of quadratic equations. Solution of quadratic equations by factorisation, use of the formula
and completing the square
There are three ways of solving quadratic equations

1. Factorising
e.g. Solve x> —7x+12=0.
Factorising gives x> —7x+12 = (x—3)(x—4)
Sowe have (x—3)(x—4)=0 andso x=3 or x=4

e.g. Factorise 2x* + 7x+6:
(1) Find two numbers which add to give 7 and which multiply to give 2x6 =12 ,i.e.4and 3

(i)  Write 2x*+7x+6=2Xx"+4x+3x+6
(iii)  Factorise first two terms and second two terms to give 2x(x +2)+3(x + 2)

(iv)  Hence write as (2x +3)(x +2)

2. Completing the square.
e.g. Solve x> —10x+19=0
Completing the square gives x> —10x+19 = (x =5)* —25+19 = (x —5)* —6
So we have (x-5)*-6=0.
Hence we see that (x —5)° =6 and so x—5= +6.
Thus we have solutions of x =5++/6

3. Quadratic Formula
e.g. Solve x> —10x+19 = 0 by the formula
We use the fact that the solutions to the equation ax* +bx+c =0 are

‘o —b++/b% —4ac

2a
In this case a=1, b =-10 and ¢ =19 and so, using the formula, we have

o _10£710° ~4x1x19 _ 1024
2

2

Solving simple cubics
Example: Solve x* —5x*+6x=0.

Each term has x in it so factorising leads to x(x2 —5x+ 6) =0.

Hence we have x(x—2)(x—3)=0.

Thus the solutionsare x=0, x=2 or x=3.

Copyright www.pgmaths.co.uk - For AS, A2 notes and IGCSE / GCSE worksheets 12



For use only in Thomas Tallis School February 2014
C1 Note

Simultaneous Equations

Simultaneous equations: analytical solution by substitution. For example, where one equation is
linear and one equation is quadratic

There are two methods for solving two linear simultaneous equations.
Method 1 — Cancellation

We cancel either the x or the y by multiplying the two equations by suitable numbers and then either
adding or subtracting.

So, for example, solve 5x+7y =19 (1)
and 3x+2y=7 (2)

If we multiply (1) by 3 and (2) by 5 we get:

15x + 21y =57 D) x3
and  15x+10y =35 (2)x5

If we now subtract bottom from top we get 11y = 22 and so y = 2. Substitute this value of y into (1)
gives 5x+14 =19 and sox =1.

Method 2 — Substitution

We make either the x or the y the subject of one of the equations and then plug it back in to the other
equation to find the other variable.

So, for example, solve x+2y =13 (1)
and 3x+7y=44 (2)

From (1) we see that x =13-2y.
If we now replace x in (2) with x =13—2y we get 3(13—-2y)+7y =44.

That leadsto 39-6y+7y =44 andso y=5.
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C1 Note
We also need to be able to solve simultaneous equations in which one of the equations is linear and
one is quadratic .

So, for example, solve 3x+y =10 (1)
and  X*+2xy+2y* =17 (2)

We always use the method of substitution in these cases.

So, in our example, we use (1) to write y =10—-3x
We substitute this into (2) to give x* +2x(10 —3x) +2(10-3x)* =17.

Now expand brackets to give a quadratic equation
x> + 20x — 6x° + 2(100 — 60x + 9x*) =17
13x* —100x + 200 =17
13x* —100x +183=0

Factorise this to give (x—3)13x—61)=0 andso x =3 or x = %

We now use (1) to find y when x =3 and we see that y =1.

We also use (1) to findy when x = % and we see that y = —i—g.

It is important to give our solution as pairs.

So we say that the solutionsare x=3 and y =1 OR x = % and y = —%.
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Inequalities

Solution of linear and quadratic inequalities (For example ax+b > cx+d, px* +gx+r >0,
PX* +0X+r > ax+b)

Linear Inequality
Remember that when you multiply or divide both sides by a negative number you must flip around
the sign of the inequality.

For example:
4x+7<7x-11
= -3x<-18
= X>6

Quadratic inequality

Example 1 Solve x*-3x—40<0.
We factorise to give (x —8)(x+5) < 0.
The critical values are 8 and 5.

Think of the graph of y = x* —3x—40.

=l

We are looking below x-axis so we want one region, and hence one inequality.

So the solutionis —5< x<8.

Copyright www.pgmaths.co.uk - For AS, A2 notes and IGCSE / GCSE worksheets
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Example 2 Solve x* -10x+21>0.
Factorise to give(x —3)(x—7) > 0.
Critical values are 3and 7.

Think of the graph of y = x* —10x + 21.
N\ - 2/
ANE v

X 74
N P

&

We are looking above x-axis so we want two regions, and hence two inequalities.

So the solutionis x<3 or x>7.

How do you know if there are two regions or one?
Provided the x* term is positive.....

If the inequality sign involves less than (< or <)
then there is one region. (One is less than two).

If the inequality sign involves more than (> or >)
then there are two regions. (Two is more than
one).
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Algebraic Manipulation

Algebraic manipulation of polynomials, including expanding brackets and collecting like terms,
factorisation. Students should be able to use brackets. Factorisation of polynomials of degree n,

n<3eg x*+4x*+3x.
The notation f(x) may be used. (Use of the factor theorem is not required.)

Expanding
When adding (or subtracting) two polynomials we simply add together (or subtract) the coefficients
of the corresponding powers of x, for example (x? — 2x+ 7)+ (3x? +5x+6) = 4x* +3x +13

When multiplying two polynomials we simply multiply every term in one polynomial by every term
in the other polynomial, for example

(x+4)(x3 +2x2 +5x+3) - x(x3 +2x° +5x+3)+4(x3 +2x2 +5x+3)
=Xx* +2X% +5X% +3x + 4x> +8x* + 20x +12 .
=x* +6x> +13%x° +23x +12

So for example we may be asked to find the x* term in (x+1)(x* —3x+5).

We do not need to multiply out the brackets completely. We see that there are two ways of getting
an x* term. Either xx(—3x) or 1x(x*). In total, then the x* term is —2x*.

Factorising
When factorising a quadratic expression, such as ax® +bx +c we are looking to write it in the form
(mx+n)(px+q). We need to consider two cases, when a=1 and when a #1.

Casel: a=1
For example, factorise x> —x—12.

Step 1:  Find two numbers whose product is -12 and whose sum is -1, i.e. =4 and 3.
Step2:  Express x* —x—12 as (x—4)(x+3).

Case 2: a=#1
For example, factorise 3x* —14x +8.
Step 1:  Find two numbers whose product is 24 (i.e. 3x8) and whose sum is -14, i.e. -12 and
2.
Step 2:  Rewrite quadratic 3x* —14x +8 = 3x* —12x — 2x + 8.
Step 3:  Factorise this as two separate linear expressions, so
3x* —12x —2x+8 =3x(Xx—4) - 2(x - 4).
Step 4:  Note that there is a common linear factor and use this to give
3x* —14x+8 = (3x—2)(x—4).
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e.g. Factorise x*+7x+10 :
(i) Find two numbers which add to give 7 and which multiply to give 10, i.e. 5and 2

(i)  Write x> +7x+10 = (x +5)(x + 2)
e.g. Factorise 2x° +7x+6:
(1) Find two numbers which add to give 7 and which multiply to give 2x6 =12 ,i.e.4and 3

(i)  Write 2x*+7x+6=2Xx"+4x+3x+6
(iii)  Factorise first two terms and second two terms to give 2x(x +2)+3(x + 2)

(iv)  Hence write as (2x +3)(x+2)

Remember that x* —16 = (x — 4)(x + 4)

Remember also that x* —5x = x(x —5)

We may be asked to factorise a cubic but, for C1 there will be no constant term. So the expression
may be x®+4x°+3x.

We see that there is a factor of x so we can write x®+4x*+3x = x(x2 +4x+ 3) . We then need to
factorise the quadratic as described above.
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C1 Note
Graphs of Functions
Graphs of functions; sketching curves defined by simple equations.
Here are some curves you should know.
1
y =X y =X y=x=x2
n ¥ 1 1y ¥
] II ,’ ¥
| x y ] 4
\ | ..---"""""'"'.-g
.| B 2 4 g l 2
o il
2 ®
i 4 |6 | 8 |10
- -4 -2 2 4 B
1 1
y =—=X 1 y = — =X 2
X X
: I"].r 3i ¥
2 {\ |
: |
e
——
=_.1"""!N) i g
x
-L‘ B -4 = !
4 L |
Copyright www.pgmaths.co.uk - For AS, A2 notes and IGCSE / GCSE worksheets 19



For use only in Thomas Tallis School February 2014
C1 Note

Geometrical interpretation of algebraic solution of equations. Use of intersection points of graphs of
functions to solve equations. Functions to include simple cubic functions and the reciprocal function
y = k/x with x #0.

Graphs of cubics - y =ax®+bx* +cx+d

If a>0 then curve goes from If a<0 then curve goes from
the bottom left to the top right: the top left to the bottom right:
& "_,I if" L 3 "_l,

L 4
L 4

Three distinct linear factors...

Y
(x+2) isia factor (x-1) isa factor /

T~
-4) isa factor

—_
x
|

So we see that y =k (x+2)(x—1)(x—4).

The curve crosses the y axis at (0, 8). So 8=k x2x(—1)x(—4)=8k andso k =1.
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One linear factor repeated...

(x+2) isa repeated factor, IR /
as it turns at this paint. /
> &

/ \_u\ / (x—3) isa factor
/ e
/ e

=4

So we see that y =k (x+2)"(x-3).

The curve crosses the y axis at (0, -24). So 8=k ><(2)2 x(-3)=-12k =-24 andso k=2.

Knowledge of the term asymptote is expected.

.. . . 1
An asymptote is a line to which a given curve gets closer and closer. y =— (as drawn on the
X

previous page) has a vertical asymptote at x = 0 and a horizontal asymptote aty = 0.
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Transformations of Graphs

Knowledge of the effect of simple transformations on the graph of y =f(x) as represented by
y=af(x), y=f(x)+a, y=f(x+a), y="f(ax). Students should be able to apply one of these

transformations to any of the above functions [quadratics, cubics, reciprocal] and sketch the
resulting graph. Given the graph of any function y = f(x) students should be able to sketch the graph
resulting from one of these transformations.

The following graphs are obtained as shown below:

y =af(x) by stretching y =1(x) by a factor of a parallel to the y-axis.
y=f(x)+a by shifting y =1f(x) by a in the positive y direction.
y=f(x+a) by shifting y =f(x) by a in the negative x direction.

y =f(ax) by stretching y =f(x) by a factor of = parallel to the x-axis.

The connection between y=1f(x) and y =f(x+2) is shown below:

y =f(x+2) IC'

/ Faiiy Gy i

fa
/
|
|

-5

|
oa
——
-l--.....-
Iz
N »

The connection between y =1f(x) and y = f(x) +3 is shown below:

:
/
/

| '

Ty :If(x)l+3 |

[

¥

(]

r-{
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The connection between y=1f(x) and y=2f(x) is shown below:
F 3 'l_lllr I
y = 2f(x)

2

y=ﬂp

The connection between y =1(x) and y =1f(2x) is shown below:
7 TN y-f(x)

f A" /

| X |

A J

J

|

|

y = f(2x)

B

~
f x \ I\
7\ /
y 4Em \ ] 11/
f S \ \ /] ST
1% \ l \
T
—SIELI —aﬁu = —\j 9\ | zi] 0
\ \
S A8 R S 4, weee: e/
| EEEE '¥ﬁiﬁ¥=  SESEE s \ /1
EEAELSE TS 14—\\ \/{
\/ \f‘ ] \/ |
V e
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Co-ordinate Geometry in the (x, y) plane

Equation of a straight line in forms y =mx+c, y—-y, = m(x— xl) and ax+by+c=0.

To include (i) the equation of a line through two given points, (ii) the equation of a line parallel (or
perpendicular) to a given line through a given point. For example, the line perpendicular to the line

3x +4y =18 through the point (2, 3) has equation y —3 = %(x -2).

Conditions for two straight lines to be parallel or perpendicular to each other.

Equation of a straight line
From GCSE we know that y = mx +c is the equation of a straight line where m is the gradient and c

is the y-intercept.

We could use the form y —y, = m(x—x,). In this equation m is still the gradient and (x, y,) is a
point on the line

Both these equations can be written as ax +by+c =0.

We can calculate the equation of a straight line if we know either (i) 2 points through which the line
passes or (ii) one point and the gradient of the line.

In case (i) the first thing we do is to find the gradient and so we have now turned it into a problem of
the type (ii) case.

Example 1
Find the equation of straight line which passes through (3, 11) and (-1, 27).

First of all find the gradient. Gradient = 2r-11_16 __,
-1-3 -4
Use the form =1 —m to write the equationas y—-11= —4(x - 3) and then rearrange to give
X=%

y=-4x+23

Two straight lines are parallel if their gradients are equal.

Two straight lines are perpendicular if the product of their gradients is -1.
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Example 2

Find the equation of straight line which passes through (2, 5) and which has gradient %

We write y_—5=§
Xx—2 4

Cross multiplying gives 4(y—-5)=3(x-2).
Hence 4y—20=3x-6

So we have 3x—4y+14=0

Example 3
Find the equation of straight line which passes through (1, 4) and which is parallel to 2y +3x = 7.

The only line that are parallel to 2y + 3x =7 are lines of the form 2y +3x =c.

We now simply “plug in” the point (1, 4) to give c =8+3 =110 2y +3x =11.

Example 4

Find the equation of straight line which passes through (—1, 3) and which is perpendicular to
4y +5x =11.

Gradient of 4y +5x =11 is —%; and so gradient of perpendicular is % .

It follows that the equation must be of the form 5y —4x =c.

(NB: This can simply be obtained by swapping around the numbers in front of x and y and changing
the sign of one of them).

We now “plug in” the point (-1, 3) to give ¢ =15+ 4 =19 so 5y —4x =19.
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Sequences and Series

Sequences, including those given by a formula for the nth term and those generated by a simple
relation of the form x_,, =f(X,).

There are sequences that be given in terms of n where n represents the number of the term. So for
example we could have a sequence such as x, =n®. We can then see that the 10th term is 100 and

SO on.

We might have a sequence such as 1, 4, 7, 10,....
We can see that the nth term is X, =3n—2. Alternatively we can see to find any term in the

sequence we simply add 3 to the previous term. In this case we would write X, = x, +3. When we
write the sequence in this way we are said to be using an iterative formula.

To calculate terms in a sequence using an iterative formula we must be given a formula and a
starting point. So in the above example we would have to write x, =1, X , =X +3.

Example 1
Find the first four terms of the following sequence: x, =1, x ., =x’+1.

Plugging in x, =1 gives x, =1° +1=2.
Plugging in x, =2 gives x, =2*+1=5.
Plugging in x, =5 gives x, =5°+1=26.

Example 2
Find the first four terms of the following sequence: x, =2, x , = 2 .
X, +
- . 2 2
Plugging in x, =1 gives X, =——=—.
ggmngin x =149 275173
Plugging in x _2 ives X _2 268
gg g 2_3g 3 2_5_5'
1+— =
3 3
Plugging in _S ivesx—i—i—E
gg g XS_Sg 4 6_11_11
1+— —
5 5
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Arithmetic series, including the formula for the sum of the first n natural numbers.

The general term and the sum to n terms of the series are required. The proof of the sum formula
should be known.

At GCSE we were asked to find the nth term of sequences such as 3, 8, 13, 18,.... We will now be
looking at these sequences in more detail.

3,8, 13, 18,.... is called an arithmetic sequence — that is a sequence in which the difference between
consecutive terms is constant.

In an arithmetic sequence the first term is represented by a and the common difference is represented
by d.

The first few terms of the sequence are a,a+d, a+2d,a+3d,...

It follows from this that the nth term of this arithmetic sequence is a+ (n—-1)d.

We use u, to represent the nth term of a sequence and so, in this example, we write
u,=a+(n-1d.

So, for example, in the sequence 3, 8, 13, 18,.... we see that the first term is 3 and the common
difference is 5. The nth term is, therefore, 3+(n —1) x5=3+5n-5=5n-2.

In a similar way the nth term of the sequence 7, 10, 13, 16, ...isu, =7 +3(n —1) =3n+4.

Finding the Sum of Terms in an Arithmetic Sequence

For example how would we find the sum of the first 20 terms of the sequence 3, 8, 13, 18,...?
We have seen that nth term is 5n—2 and so the 20" term is 5x 20 —2 =98,

So we want to find S =3+8+13+...+88+93+98.

We could write the terms in reverse order to get S =98+93+88+...+13+8+3

So we see that :
S=98+93+88+..+13+8+3

S=3+8+13+...+88+93+98

Adding these up in columns gives us 2S =101+101+101+...+101+101+101. There are 20 terms
on the right hand side so we see that 2S =101x 20 = 2020. Hence S =1010.
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In general we might want to find S where S is the sum of the first n terms of the sequence whose nth

termisu, =a+(n-1)d.
S=a +(a+d) +...+(a+(n—2)d)+(a+(n—1)d)
S:(a+(n—1)d)+(a+(n—2)d)+...+(a+d) +a
Adding these two up gives us that:
25 =(2a+(n-1)d)+(2a+(n-1)d)+..+(2a+(n-1)d)+(2a+(n-1)d)
=n(2a+(n-1)d)
So we have

S :g(2a+(n—1)d)

If we consider 1+2+3+...+n (that is the sum of the first n natural numbers) then the above
formula for S gives us :

_ n(n+1)
2

1+2+3+...+n:%(2+(n—1))

Example 1
(@ Find the nth term of 7, 11, 15...
(b) Whichtermof 7, 11, 15...is equal to 51?
(¢c) Hencefind 7+11+15+.....+51.

(@) The first term, a, is 7 and the common difference, d, is 4.
The nth term is, therefore, 7+(n—1)x4=4n+3.

(b) For what value of nis 4n+ 3 equal to 51?
4n+3=>51 givesus 4n =48 andso n=12.

(c) Weuse S =g(2a+(n—l)d) witha=7,d =4 and n=12.

So we have %(2><7+(12—1)><4):6><58=348.
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Example 2
The sum of the first n terms of 3, 8, 13... is 1010. Find n.

The first term, a, is 3 and the common difference, d, is 5.
Using S =2(2a+(n—1)d) with a=3 and d =5 we have that

s =g(6+(n—1)x5)=2(5n+1).

We need to solve E(Sn +1)=1010.

Multiplying both sides by 2 gives n(5n+1) = 2020 and so 5n® + n—2020 =0.
This factorises to give (n—20)(5n+101)=0 and so n=20.

Example 3
The tenth term of an arithmetic sequence is 67 and the sum of the first twenty terms is 1280. Find the
common difference, d and the first term, a.

The 10" term is a+9d (using a+ (n—1)d) so we have a+9d = 67.

The sum of the first twenty terms is ?(2a+19d) (using S =g(2a+(n—l)d)) so we have

10(2a+19d)=1280. This can be rearranged to give 2a+19d =128.

So we have two simultaneous equations. If we double both sides of a+9d =67 we get
2a+18d =134. We now subtract this from 2a+19d =128 toget d =6 and so a =13.

Understanding of £ notation will be expected.

n n
Know that D u, =, +U, + Uy +...+u,, that D" r =1+2+3+..+n etc..
r=1 r=1

NB: > 1=1+1+1+..+1=n
r=1

eg. > (3r+1)=4+7+..+(3n+1). Hence this is an arithmetic sequence with a =4 and d =3, so
r=1

it follows that 3" (3r +1) — 2 (8+3(n-1)) =2 (3n+5).

r=1
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Sigma Notation
Understanding of the Z notation will be expected.

Suppose we wanted to find 3+ 7 +11+.....+ 79.

It would make sense to have some sort of notation that enables us to write down 3+7+11+15+.....79
in a simpler form.

We already know that the rth term of the sequence is 4r —1. So we want to find the sum of all terms
of the form 4r -1 from r =1 to r = 20.

The notation we use to represent the sum is z . We then have to use a notation which indicates

that we want the sum of terms of the form 4r —1, that we start with r =1 and that we end with
r=20.

20
The notation we use is Z(4r -1).

r=1

20
So Z(4r—1):(4><1—1)+(4><2—l)+....+(4><20—1) =3+7+11+....+79

r=1

So, for example,

(3r+1)=4+7+..+(3n+1). Hence this is an arithmetic sequence with a=4 and d =3, so
r=1

it follows that Zn:(sr +1)= 2(8 +3(n —1)) = g(Bn +5).
r=1

NB: Zl=1+1+1+...+1=n

r=1

Another exampleis > 2" =2+2%+2° +..+2".

r=1

Some more examples
5

4
Dri=14224+3+4° and Drt=3+4245

r=1 r=3

It is worth recognising that Zl=1+1+1+ ..+1=n

r=1

The expression
So into which the

The end value > 20 / values of r are

forr Z (4r _ 1) put.

The startvalue |y =
forr
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Differentiation

The derivative of f(x) as the gradient of the tangent to the graph of y = f (x) at a point; the gradient
of the tangent as a limit; interpretation as a rate of change.

d
For example, knowledge thatd—i is the rate of change of y with respect to x. Knowledge of the chain

rule is not required.
Finding the gradient of the curve

Consider the curve shown below.

v y|=f(x) / /

Q (x+h, f(x+h)) 7
/

/ / P(xf(x)

/ g

How do we find the gradient to the curve at the point P?

At GCSE we would have found the gradient by drawing a tangent to the curve at that point and then
measuring the gradient of that tangent. This was only estimate — we now want to find the exact
value of this gradient.

If P is a point on the curve y = f(x) then the gradient of the curve at P is the gradient of the tangent
to the curve at P.

If Q is another point on the curve then, as Q moves closer and closer to P, the gradient of the chord
PQ get closer and closer to the gradient of the tangent to the curve at P.

The gradient of PQ is Fx+h)-f(x) = f(x+h)-f(x) .
(x+h)—x h
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The gradient of the curve at P is the gradient of the tangent to the curve at P. This is obtained by
moving Q closer and closer to P (i.e. by making h tend to 0).

The gradient of the curve at P is denoted by f'(x) or g_y
X

So f'(x) = Ihirrg(w

j where “ Lm(} ” means that we make h tend to 0.

For example if f(x)=x* then f(x+h)=(x+h)? =x*+2hx+h’.

So we have that
f(x+h)—f(x)}
h
(X% +2hx +h? —xzj
=lim
h—0 h

. 2hx+h2j
=1lim

f'(x) = LILT(}

h—0 h

=lim(2x+h)

h—0

= 2X

Thus we have proved that if f(x) = x* then f'(x) = 2x.
Alternatively we could write that if y = x* then g—y =2x orsimply say “x* differentiates to 2x .
X

This means that the gradient at any point on the curve y = x* is 2x.
So, for example, at the point (3, 9) the gradient is 6.

d
Since g—y is the gradient of the curve, we see that d—z(/ represents the rate of change of y with respect
X

to x.
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The notation f(x) may be used. Differentiation of x", and related sums and differences.
2 a—
E.g., forn =1, the ability to differentiate expressions such as (2x+5)(x—1) and L}?’ is
X2
expected.
Applications of differentiation to gradients, tangents and normals.

Use of differentiation to find equations of tangents and normals at specific points on a curve.

We have just proved that if y = x* then % = 2X.
X

We could have proved that if y = x* then g—y =3x°.
X

We already know that the gradient of y =1 is O (it is a horizontal line) and that the gradient of the
line y=x is 1.

We could write this more formally by saying:

dy dy
= —_— = O . = —_— = 1
If y=1then ix If y=x then ix

So we see the following:

y | dy
dx
1 0
X 1
x2 2%
x> | 3x°

We see a pattern here which continues. The pattern is that that if y = x" then % =nx"". This
X

holds for all values of n — positive and negative, fractions and whole numbers.

So, for example if y = x° then g—y =6X°.
X

The general result is as follows:

If y=kx" then ay nkx"™.
dx

So, for example if y = 2x° then j_y =10x".
X
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Example 1
Find ay when y=(2x+5)(x-1)
dx y= )

We first need to multiply out the bracket to get y = 2x* +3x—5.

We now differentiate using the rule on the previous page to get % =4x+3.
X

Example 2
d 2 -
Find & when y :Lf?’
dx X2

3 1 1
We first need to rewrite y in the form y = x? +5x2? —3x2, using the laws of indices.

1 1 1

We now differentiate using the rule on the previous page to get g_y = %xz 125 -5 X 2,
X

2

Example 3

If y=2x*+3x+1 then find the gradient of the curve at the point (2, 15).

First we find d_y =4x+3,
dx

We then need to replace x in this expression with the x coordinate of the point we are looking at.

d
The x coordinate of the point (2, 15) is 2 so we substitute x = 2 into the equation % =4x+3 to get

Ty
dx
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Some more examples...

y dy

dx
(x+2)(x+3)=x>+5x+6 2X+5
X +3 3y 1-3x7?

X

1 1 1 _3
ZXJ:B:ZXTB:ZXZ+6X2 X 2-3x?
X 1
XZ
x+3)(x+4) x? 1-12x7°
(x+3)( ):X +7x+12:x+7+12x’1
X X
2 1 1 3
(x+2) :x2+4x+4zixg+2X§+2X—% Sy iy 7y 2
2Jx oy 4
X
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Tangents
The gradient of a tangent to the curve at any point is the gradient of the curve at that point.
Example 4

Find the equation of the tangent to the curve y = x> —3x* + x +1 at the point (2, -1).
: [

! =Z
d_ 3x* —6x+1
dx
d d

We want to know % at the point (2, -1) so we substitute x =2 into the equation d—i =3x* —6x+1

dy
t t—=1.
0 ge ix

So the gradient of the tangent at (2, -1) is 1.

Using the earlier work on straight lines we know that the equation is y_+; =1.

Rearranging gives y = x—3.
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Normals

The gradient of a normal to the curve at any point is the negative reciprocal of the gradient of the

curve at that point.

So..
. dy . : 1
if ol 3 at a point on the curve, the gradient of the normal is -3
. dy . ) 1
if ™ =—4 at a point on the curve, the gradient of the normal is 1
. dy 3 . ) . b
if ™ = c at a point on the curve, the gradient of the normal is -3
. dy ) . )
if o =1 at a point on the curve, the gradient of the normal is -1.
Example 5

Find the equation of the normal to the curve y = x> —3x* + x +1 at the point (1, 0).
| /

d—y:3x2—6x+1,
dx

d . : : . d
We want to know d—i at the point (1, 0) so we substitute x =1 into the equation d—i =3x> —6x+1 to

dy
g =2
. dx

So the gradient of the normal at (1, 0) is %

Using the earlier work on straight lines we know that the equation is ;S = %
X -

Rearranging gives 2y —x+1=0.
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Example 6
A curve C has equation y = x> — 5x* + 5x + 2.
(@ Find j—y in terms of x.
X
The points P and Q lie on C. The gradient of C at both P and Q is 2. The x-coordinate of P

is 3.

(b) Find the x-coordinate of Q.

(c) Find an equation for the tangent to C at P, giving your answer in the formy = mx + c,
where m and c are constants.

(d) Find an equation for the normal to C at P, giving your answer in the form
ax+by+c=0, where m and c are constants.

Edexcel GCE Pure Mathematics P1 January 2002

(a) d—y:3x2 ~10x+5

dx

(b) AtPandQ, g—y:?;xz —10x+5=2 s0 3x* —=10x+3=0
X

This gives (3x—1)(x—3) =0 and so x =3 or x :%. So x coordinate of Q is %

(©) AtP, x=3,50 y=3*-5x3?+5x3+2=-1. AlsoatP d_y=2

dx
—(-1
Hence the equation is Y= 3 ) =2. Thatis y=2x-7.
X —
dy . .1
(d) AtQ, x=3,and y=-1. AlsoatP i = 2. So gradient of normal is —5
(-1
Hence the equation is lg) = —%. Thatis 2y +2=-x+3. Hence
X —_
2y +x-1=0.
Second order derivatives.
Consider the curve y = x> —3x* —9x +11.
We see that ﬂ:?,xz —6x-9.
dx
[13 H H ) - dzy H H dzy
The “gradient of the gradient” is denoted by —-. We see that in this example o =6X—-6
X X
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Indefinite Integration

Indefinite integration as the reverse of differentiation. Students should be aware that a constant of
integration is required.

(x+2)2

Integration of x". For example, the ability to integrate expressions such as %xz ~3x? : is

DN

expected.
Given f(x) and a point on the curve, students should be able to find an equation of the curve in the

form y=1(x).

We know that if y =2x*+5x then j—y =6X°+5.
X

However we also that

if y=2x*+5x+2 then 3—y:6x2+5.
X

orif y=2x%+5x+3 then %:6x2+5.
X

So if we were given g_y =6x° +5 and asked to find y we cannot get a definite answer.
X

As we have seen y could be 2x* +5x or it could be 2x* +5x+ 2 or it could be 2x® +5x + 3.

All we can say is that if g—y =6x°+5 then y=2x®+5x+c where c can be any constant.
X

. . : d : :
To find a particular solution of d—y = 6x° +5 we need to have more information.
X

Example 1
If g_y =6x° +5 and the curve passes through the point (1, 13) then find y.
X

We see that y =2x> +5x+c¢
Since the curve passes through the point (1, 13), we have that 13=2x1° +5x1+c andso c=6.

Hence see that the solution is y = 2x* +5x +6.
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The “indefinite integral” of (x) is denoted by If(x) dx.

The general rule we use is jkxp dx =k ;
+

p+1

-1
1+c (p=-1)

Here are some examples
j3 dx=3x+c¢C

I5X dx:§x2+c

j4\/§ dx:I4x% dx:%x%+c

I% dx = I(Sx‘2 dx =—6x"+c

NB We can only integrate an expression made up of terms of the form kx" .

Example 2
Find j(2x+1)(2x+3) dx.

We first of all need to express (2x+1)(2x+3) as 4x* +8x+3

We now use the above rule to see that
[(2x+1)(2x+3) dx

:J'4x2 +8x+3 dx

:%x3+4x2 +3X+C

Example 3

Find | BXJQXZ dx.

We first of all need to express Bx+ X as 8 +1 X
\/; 2

We now use the above rule to see that

ISXJ}XZ i

:J.SX% +x% dx

3 5
— 16 y2 2 yv2
=8x2 +2x7 +¢
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y [ydx
Y2
(x+2)(x+3)=x*+5x+6 1x3+§x2+6x+c
3 2
X+33:x‘2+3x‘3 —x‘l—gx‘2+c
X 2
1 21 3 1
2x+6:2xir6:2x2+6x > £x2+12x2+c
N
X
X+3)(x+4) x? 31 2 > 3 2
( )( ):X +7i(+12:x2 +7x2 +12x 2 gx2+—x2+24x2+c
X E 5 3
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