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Exam-style assessment

 1.  A linear programming problem involving three variables x, y and z gives 
the following simplex tableau.

Basic 
variable

x y z s t u Value

s 3 1 3 1 0 0 500

t 2 1 4 0 1 0 600

u 1 1 2 0 0 1 350

P -1 -1 -3 0 0 0 0

  (a)  Write down the original linear programming formulation, expressing 
the constraints as inequalities.

  (b) (i) Perform one iteration of the simplex algorithm.
   (ii) Explain how you know the solution you found in (i) is not yet optimal.
   (iii) State the values of the variables at this stage.

  (c)  Perform a second iteration of the algorithm to obtain an optimal tableau. 
Hence state the optimal value of P and the corresponding values of x, y and z.

 2.  A porcelain company makes two types of ceramic vase. Each is made by one 
worker in the fabrication department and painted by a second worker in the 
decoration department. Vases of type A take 4 hours to make and 2 hours 
to paint. Vases of type B take 1 hour in each department.

   In a certain period there are 200 hours available in the fabrication department and 
180 hours in the decoration department. The company makes x vases of type 
A and y vases of type B during this period. A vase of type A makes £100 profit and 
a vase of type B makes £50 profit.

  (a)  Express the problem of maximising the total profit for this period as a linear 
programming formulation. Write the constraints as equations with slack variables.

  (b)  Set up a simplex tableau for the problem and solve it. Hence state the number 
of each type of vase that should be made and the resulting total profit.

 3. Consider the solution to this linear programming problem:
  Maximise P = x + y + z
  Subject to 8x + 7y+ 20z  1200
    4x + 3y + 2z  500
    2y  x
    x, y, z  0

  (a) (i) Write the constraints as equations with slack variables.
   (ii) Hence construct a simplex tableau.

  (b)  Perform two iterations of the simplex algorithm (bringing x into the basis on 
the first iteration).

  (c)  State the values of the variables at this stage, and explain how you know that 
the solution is not yet optimal.

Linear programming1
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 4. Hamish is solving a linear programming problem using the simplex algorithm. 
  He obtains the following tableau.

Basic 
variable

x y z s t u Value

s 2 0 0 1 0 1 3

z 1 0 1 0 -1 -1 5

y -1 1 0 0 1 2 4

P 3 0 0 0 2 1 22

  (a) Explain how he knows that he has reached the optimal solution.

  (b) Write down the value of every variable.

  (c)  Write down the profit equation from the tableau. Explain why changing the 
value of any of the non-basic variables will decrease the value of P.

 5.  A company makes four types of barbecue – A, B, C and D. In a given week they 
make w of type A, x of B, y of C and z of D. The total profit is £P. There are 
constraints of resources and labour on the numbers they can make. The problem 
can be expressed as a simplex tableau as follows.

Basic 
variables

w x y z r s t u Value

r 2 2 1 1 1 0 0 0 100

s 2 1 2 1 0 1 0 0 120

t 1 1 2 2 0 0 1 0 150

u 1 2 2 1 0 0 0 1 160

P -5 -5 -8 -6 0 0 0 0 0

  (a) (i) List the constraints as inequalities.
   (ii) How much profit is made on a barbecue of type C?

  (b) After one iteration of the simplex algorithm the tableau looks like this:

Basic 
variables

w x y z r s t u Value

r 1 1.5 0 0.5 1 -0.5 0 0 40

y 1 0.5 1 0.5 0 0.5 0 0 60

t -1 0 0 1 0 -1 1 0 30

u -1 1 0 0 0 -1 0 1 40

P 3 -1 0 -2 0 4 0 0 480

   (i) State the pivot row and column used in this iteration.
   (ii) Explain how you know that the solution is not yet optimal.

  (c)  Perform two more iterations of the algorithm to arrive at an optimal solution. 
State the values of w, x, y, z and P corresponding to this solution.

  (d) Explain why the solution obtained in part c is not a practical solution to the problem.

  (e) Show that there is a practical solution giving a profit of £556.
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Linear programming

Exam-style mark scheme

1
 Question Solution Marks
 Number

 1 a  Maximise: P = x + y + 3z B1
     3x + y + 3z  500 B1 (any two
    Subject to: 2x + y + 4z  600 correct) 
     x + y + 2z  350 B1 (all)

  b  i P x y z s t u V
P 1 0.5 -0.25 0 0 0.75 0 450

s 0 1.5 0.25 0 1 -  0.75 0 50

z 0 0.5 0.25 1 0 0.25 0 150
u 0 0 0.5 0 0 -  0.5 1 50

 

       M1 
 (correct pivot)
M1

    ii There is still a negative in the Profit row A1
    iii x = 0, y = 0, z = 150, s = 50, t = 0, u = 50, P = 450 E1

  c   P x y z s t u V
P 1 0.5 0 0 0 0.5 0.5 475
s 0 1.5 0 0 1 -  0.5 -  0.5 25

z 0 0.5 0 1 0 0.5 -  0.5 125

y 0 0 1 0 0 -1 2 100

 B1

       M1 (correct 
pivot)

      M1
      A1

    Optimal value of P = 475, x = 0, y = 100, z = 125 B1 B1
 13

 2 a  Maximise: P = 100x + 50y B1
    Constraints: 4x + y + s = 200 B1
     2x + y + t = 180 B1

  b  P x y s t V
P 1 -100 -50 0 0 0
s 0 4 1 1 0 200

t 0 2 1 0 1 180

  B1 
(initial tableau)

    Pivot 1

    P x y s t V
P 1 0 -25 25 0 5000
s 0 1 0.25 0.25 0 50
y 0 0 0.5 -0.5 1 80

  M1 (correct 
pivot)

     M1
     A1

    Pivot 2

    P x y s t V
P 1 0 0 0 50 9000

x 0 1 0 0.5 -0.5 10

y 0 0 1 -1 2 160

  M1 (correct 
pivot)

     M1
     A1

    10 Type A, 160 Type B giving a resulting total profit of £ 9000 A1
 11
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 3 a  i 8x + 7y + 20z + s = 1200 B1 (first two)
    4x + 3y + 2z + t = 500 B1 (last one)
    -x + 2y + u = 0

    ii P x y z s t u V

P 1 -1 -1 -1 0 0 0 0

s 0 8 7 20 1 0 0 1200

t 0 4 3 2 0 1 0 500

u 0 -1 2 0 0 0 1 0

  B1 (initial 
tableau)

  b  Bringing x into the basis first: 

    
P x y z s t u V

P 1 0 -0.25 -0.5 0 0.25 0 125

s 0 0 1 16 1 -2 0 200

x 0 1 0.75 0.5 0 0.25 0 125
u 0 0 2.75 0.5 0 0.25 1 125

  M1 (correct 
pivot)

      M1

      A1

    Bringing z into the basis second: 

      M1 (correct 
pivot)

    

P x y z s t u V

P 1 0 -0.219 0 0.0313 0.1875 0 131.25

z 0 0 0.0625 1 0.0625 -0.125 0 12.5

x 0 1 0.7188 0 -0.031 0.3125 0 118.75

u 0 0 2.7188 0 -0.031 0.3125 1 118.75

 M1

      A1

  c  x = 118.75, y = 0, z = 12.5, s = 0, t = 0, u = 118.75, P = 131.25 A1 (ft)
    There is still a negative value in the P row. E1
 11

 4 a  There are no negatives in the Profit row. E1

  b  x = 0, y = 4, z = 5, s = 3, t = 0, u = 0, P = 22 B1

  c   P = 22 - 3x - 2t - u which is as large as possible when the non-basic  B1
variables x, t and u are zero. E1

 4



Decision D2© Oxford University Press 2009

 5 a  i 2w + 2x + y + z  100 B1 (any two
     2w + x + 2y + z  120 correct)
     w + x + 2y + 2z  150 B1 (all correct)
     w + 2x + 2y + z  160
    ii £ 8 B1

  b  i y and row 2 B1
    ii There are negative values in the Profit row. E1

  c  P w x y z r s t u V

P 1 1 -1 0 0 0 2 2 0 540

r 0 1.5 1.5 0 0 1 0 -0.5 0 25

y 0 1.5 0.5 1 0 0 1 -0.5 0 45

z 0 -1 0 0 1 0 -1 1 0 30

u 0 -1 1 0 0 0 -1 0 1 40

 

       M1 (correct 
pivot)

      M1

     A1

      M1 (correct 
pivot)

   

    

P w x y z r s t u V

P 1 2 0 0 0 0.67 2 1.67 0 556.7

x 0 1 1 0 0 0.67 0 - 0.33 0 16.67

y 0 1 0 1 0 -  0.33 1 - 0.33 0 36.67

z 0 -1 0 0 1 0 -1 1 0 30

u 0 -2 0 0 0 -  0.67 -1 0.33 1 23.33  M1

    w x y z P= = = = =0 16 36 30 5562
3

2
3

2
3

, , , , £  A1

  d  This is not practical as you cannot make thirds of barbecues. A1 (ft)

  e  w = 0, x = 16, y = 37, z = 30, P = 556 E1
    (2 ´ 16) + 37 + 30 = 99
    16 + (2 ´ 37) + 30 = 120 A1
    16 + (2 ´ 37) + (2 ´ 30) = 150
    (2 ´ 16) + (2 ´ 37) + 30 = 136

    The values satisfy all of the constraints so it is ok.  E1 (checking 
constraints)

 15
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Exam-style assessment

 1. 

3

2

4 3

3 2

1 4

Demand

To
From

A

B

C
3

SupplyYX Z

60

90

30

14040 65 35

  (a)  Use the north-west corner method to find an initial allocation for 
the transportation tableau shown. Calculate the total cost of this 
allocation (costs shown are in £ per unit).

  (b)  Calculate the improvement indices for your allocation, and explain 
how they show that the allocation is not optimal.

  (c)  Use the stepping-stones method to find an optimal allocation. 
Calculate the cost of this optimal solution.

 2.  Three bakers, A, B and C, supply bread rolls to three fast food restaurants, 
X, Y and Z. The table shows the numbers of packets available and needed 
on a certain day, together with the cost of delivery, in £ per 10 packets.

   

4 3 3

Packets
needed

To
From

A

B

C

Packets 
available

YX Z

140

210

160

170 130 120

2 1 1

4 3 1

  (a)  Explain why you would need to add an extra column to the table 
in order to find an allocation.

  (b) Use the north-west corner rule to find an initial allocation.

  (c) Calculate shadow costs and improvement indices. 

  (d)  Use the stepping-stones method to find an improved allocation. 
State the entering and exiting cells you use.

  (e) Show that the new allocation is optimal and find its cost.

  (f) Explain the meaning of the values remaining in the extra column.

  (g) State, with reasons, whether the solution you have found is unique.

Transportation problems2
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 3. (a)  Use the north-west corner method 
to find an initial allocation for the 
transportation problem shown 
in the table.

  (b)  Explain why the solution you have 
found is degenerate.

  (c)  By creating an extra occupied cell, 
calculate improvement indices 
and show that the solution is not 
yet optimal.

  (d)  Use the stepping-stones method to find the optimal solution. 
State the entering and exiting cells used.

 4.  A company has three warehouses A, B and C. It supplies washing 
machines to three shops X, Y and Z. The table shows the cost of transporting 
one machine from each warehouse to each shop. The numbers of machines 
available and required are also shown. 

X Y Z Available

A £10 £13 £5 16

B £7 £12 £6 24

C £4 £8 £14 6

Required 12 22 12

  (a) This transportation problem is balanced. Explain what this means.

  (b) Use the north-west corner rule to find an initial solution.

  (c) Obtain improvement indices for each unused route.

  (d)  Use the stepping-stone method once to obtain a better solution 
and state its cost.

 5.  The table shows a transportation algorithm for items from two sources A and B 
required at three destinations X, Y and Z. The costs, in £, are shown in the table. 

X Y Z Supply

A 6 5 3 60

B 4 7 5 75

Demand 53 43 48

  (a) Explain why it is necessary to add a third source.

  (b)  Use the north-west corner rule to obtain a possible pattern 
of distribution and find its cost.

  (c) Calculate shadow costs and improvement indices for this pattern.

  (d) Use the stepping-stone method once to obtain an improved solution and its cost.

4

6

8 1

5 3

2 1

Demand

To
From

A

B

C
5

SupplyYX Z

36

33

9

7851 18 9

4

6

8 1

5 3

2 1

Demand

To
From

A

B

C
5

SupplyYX Z

36

33

9

7851 18 9
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 6. 

230

2 4 3

To
From

A

B

C

YX Z

80

60

90

60 100 70

3 2 1

3 1 4

Demand

Supply

   The table shows the supply of birdbaths available from three factories A, B and C, 
together with the demand from three garden centres X, Y and Z. It also shows 
the costs, in £, of transporting a birdbath between each factory and each outlet.

  The total cost of transporting the birdbaths is to be minimised. 
  Formulate this problem as a linear programming problem. 
  Make clear your decision variables, objective function and constraints.
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Transportation problems

Exam-style mark scheme

2
 Question Solution Marks
 Number

 1 a 

3

2

4 3

3 2

1 4

Demand

SupplyTo
From YX Z

A

B

C
3

40 65 35

45 5

60

50

30

140

40 20

30

 M1
      A1

  b  Cost: (40 ´ 3) + (20 ´ 1) + (45 ´ 3) + (5 ´ 2) + (30 ´ 3) = £ 375 M1 A1

    Calculate shadow costs and improvement indices:

       M1 A1 
(shadow costs)

    

13 0

0

2

3

X

X X

X

X

4

–3

–2 –1

3

2

4 3

2

1 4

3

3

 M1 A1 (indices)

  c The negative improvement indices indicate the solution is not optimal. E1
    Two iterations of the stepping stones method give the optimal solution. M1

    First, with shadow costs and improvement indices as shown: A1 (first)

    

Demand

SupplyTo
From YX Z

A

B

C

40 65 35

5 5

60

50

30

140

60

40

30

3

2

4 3

3 2

1 4

3

      

      M1
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   Second:

   

Demand

SupplyTo
From YX Z

A

B

C

40 65 35

10

60

50

30

140

60

5

40

25

3

2

4 3

3 2

1 4

3

 A1

    This is now optimal and the cost is: 
    (60 ´ 1) + (40 ´ 2) + (10 ´ 2) + (5 ´ 3) + (25 ´ 3) = £ 250 M1 A1 (second)
      M1 A1
 17

 2 a Total supply does not equal total demand so the problem is unbalanced. E1

  b 

0

0

0

Demand

Dummy SupplyTo
From YX Z

A

B

C

170 130 120

130

90

90

140

210

160

510

140

30

70

50

4

2

4 1

1 1

3 3

3

 M1

     A1

  c 
34 3 2

0

–2

–2

XX

X

X X

X

00 –2

0

2 2

4

2

4 1

1 1

3 3

3

0

0

0

      M1 A1 (shadow 
costs)

     M1 A1 (indices)

  d Entering cell: (1, 4) Exiting cell: (2, 3) M1 A1

   New allocation:

   

Demand

Dummy SupplyTo
From YX Z

A

B

C

170 130 120

130

40

50

90

140

210

160

510

90

80

120

0

0

0

4

2

4 1

1 1

3 3

3

  

       A1 (new 
allocation) 
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  e 
34 1 0

0

–2

0

XX

X

X X

X2

2

0

2

0 0

0

0

0

4

2

4 1

1 1

3 3

3

 M1

     A1

   There are now no negative improvement indices.
   Cost = (90 ´ 4) + (80 ´ 2) + (130 ´ 1) + (120 ´ 1) = £  770 E1
     M1 A1
  f  The values remaining in the extra column indicate that A and C 

have not supplied all of their units. E1

  g  The solution is not unique since there are several zeros in the 
improvement indices. E1

 17

 3 a 

Demand

SupplyTo
From YX Z

A

B

C

51 18 9

18

36

33

9

78

36

15

9

4

6

8 1

5 3

2 1

5

 

     M1

     A1

  b The solution is degenerate since there are only 4 occupied cells. E1

  c  Creating occupied cell 1, 3 gives the following shadow costs and  M1
improvement indices: 

   34 1

0

2

0

XX

X

X

X

4 2

–1

0

4

6

8 1

5 3

2 1

5

 M1

     A1

   There is a negative in the table and therefore the solution is not optimal. E1

  d Entering cell: 1, 2 Exiting cell: 2, 2 M1 A1

   New allocation:
   

Demand

SupplyTo
From YX Z

A

B

C

51 18 9

18 0 36

33

9

78

18

33

9

4

6

8 1

5 3

2 1

5

 
      A1 (new 

allocation)

 10
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 4 a The total supply equals the total demand. E1

  b 

Required

AvailableTo
From YX Z

A

B

C

12 22 12

4 16

24

6

46

12

18

6

6

10

7

4 14

12 6

13 5

8

 M1

     A1

  c 
1310 7

0

1

9

X X

X

X

X

–2

–2

–13 –12

10

7

4 14

12 6

13 5

8

  M1 (Shadow 
costs)

     

     M1 A1

  d Taking the entering cell as 3, 1 gives:

   

Required

AvailableTo
From YX Z

A

B

C

12 22 12

10 16

24

6

46

6

12

6

12

10

7

4 14

12 6

13 5

8

 M1

     M1

     A1

   Cost: (6 ´ 10) + (10 ´ 13) + (12 ´ 12) + (12 ´ 6) + (6 ´ 4) = £  430 M1 A1

 11
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 5 a Demand is greater than supply. The problem is unbalanced. E1

  b 

Required

AvailableTo
From YX Z

A

B

Dummy

53 43 48

7 60

75

9

144

53

36

9

39

6

4

0 0

7 5

5 3

0

 M1

      

      

      A1

    Cost: (53 ´ 6) + (7 ´ 5) + (36 ´ 7) + (39 ´ 5) = £  800 M1 A1

  c 
56 3

0

2

–3

X X

X

X

X

–3

–4

–2

0
6

4

0 0

7 5

5 3

0

  M1 A1 (shadow 
costs)

      

     

      M1 A1 (indices)

    Taking the entering cell to be 2, 1 gives the following allocation:

  d 

Required

AvailableTo
From YX Z

A

B

Dummy

53 43 48

43 60

75

9

144

17

36

9

39

6

4

0 0

7 5

5 3

0

 M1

      M1

      A1

    Cost: (17 ´ 6) + (43 ´ 5) + (36 ´ 4) + (39 ´ 5) = £  656 A1 ft
 13

 6  Minimise
    2x11 + 4x12 + 3x13 + 3x21 + 2x22 + x23 + 3x31 + x32 + 4x33 M1 A1

    Subject to:   M1 A1
    x11 + x12 + x13 = 80, x21 + x22 + x23 = 60, x31 + x32 + x33 = 90 M1 A1

    x11 + x21 + x31 = 60, x12 + x22 + x32 = 100, x13 + x23 + x33 = 70 

    All xij  0

 6
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Exam-style assessment

 1.  Five companies, A, B, C, D and E, bid to undertake four local authority projects, 1–4. 
The table shows the value, in £thousands, of the bids. Each company can only do 
one project. The authority’s aim is to minimise the total cost.

1 2 3 4

A 6 4 5 9

B 7 7 3 10

C 5 6 8 11

D 10 7 12 10

E 8 5 9 12

  (a) Explain why it is necessary to add an extra column to the table.

  (b) Construct an opportunity cost matrix.

  (c) Revise the matrix until an optimal assignment can be made.

  (d) Show that either D or E will not be assigned a project.

  (e) Calculate the total money paid for the four projects.

 2.  Four tasks, P, Q, R and S are to be done consecutively. Each will be done by 
one of workers A, B, C and D. Each worker will do one task only. 

   The times, in minutes, that the workers estimate they will take for each task 
are shown in the table.

Task P Task Q Task R Task S

A 15 35 21 10

B 17 30 24 8

C 21 31 22 13

D 13 34 18 9

  (a)  Use the Hungarian algorithm to find the minimum time needed to complete 
all the tasks. You must make your method clear and show

   (i) the state of the table after each stage in the algorithm 
   (ii) the final allocation.

  (b) Modify the table so it could be used to find the longest time that the tasks could take.

Allocation (assignment) problems3
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 3.  At a working dog competition there are four activities – tracking, searching, 
agility and control. Four dogs make up a team and each dog does one of the 
four activities. The Mutchester team comprises Moss, Fly, Glenn and Fern.

   The table shows the average number of points that each dog has gained for 
each activity in past competitions.

Track Search Agility Control

Moss 49 36 52 58

Fly 20 8 26 32

Glenn 26 16 28 30

Fern 24 18 30 34

   Use the Hungarian algorithm, reducing rows first, to obtain an allocation 
which maximises the total points the team is likely to score. 

  You must make your method clear and show the table after each stage.

 4.  A couple moving into an old house need four improvements done – installing 
central heating (H), rewiring (R), new guttering (G) and painting the exterior (P).

   Four builders, A, B, C and D submit estimates for these jobs. Each builder must 
be assigned to one job. Builder C is not qualified to do rewiring.

  The table shows the cost, in £thousands, of using each builder for each job.

Cost H P R G

A 6 3 8 2

B 6 4 8 2

C 5 3 * 3

D 7 4 8 4

  (a)  Use the Hungarian algorithm, reducing rows first, to obtain an allocation that 
minimises the total cost. You must make your method clear and show the table 
after each stage. State the total cost of your allocation.

  (b) State, with a reason, whether this allocation is unique.

 5.  A housing association has three properties, A, B and C, which it wishes 
to sell for redevelopment. Three developers, P, Q and R, submit sealed bids for 
the properties. Each developer only has the resources to develop one property. 
The values of the bids (in £thousands) are shown in the table.

P Q R

A 12 10 9

B 10 13 12

C 20 16 18

   Defining your decisions variable clearly, express the problem of allocating 
the properties so as to maximise the income to the housing association.
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 6.  A developer has four parcels of land available. Planning restrictions 
dictate that only three can be developed and that they must build a retail 
park, an industrial estate and a housing development.

   The profit to be made (in £thousands) depends on the type of development and 
the location of the particular site, as shown in the table.

Site

Type of 
development

A B C D

Retail 38 42 35 48

Industrial 26 30 37 33

Housing 54 50 45 58

  (a)  The developer wishes to maximise the profit. Explain the two ways 
in which the table must be modified before the Hungarian algorithm can 
be used to find the optimal allocation.

  (b)  Apply the Hungarian algorithm to your modified table and hence determine 
the most profitable development plan. State the total profit made.
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Allocation (assignment) problems

Exam-style mark scheme

3
 Question Solution Marks
 Number

 1 a The problem is unbalanced. There are five firms and only four projects. E1

  b Reducing rows has no effect since final column is all zeros. M1

    Reducing columns:

      M1

    

1 2 3 4 Dummy
A 1 0 2 0 0

B 2 3 0 1 0

C 0 2 5 2 0

D 5 3 9 1 0

E 3 1 6 3 0  A1

  c Revised matrix:

    1 2 3 4 Dummy
A 1 0 2 0 1

B 2 3 0 1 1

C 0 2 5 2 1

D 4 2 8 0 0

E 2 0 5 2 0

      M1

      A1

  d  C must do 1 and B must do 3. If A is allocated 2, D gets 4 and E gets 
nothing. If A is allocated 4, E gets 2 and D gets nothing. E2

  e 5 + 3 + 4 + 10 = 22 so £ 22 000 M1 A1
 10
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 2 a Reducing rows: M1

      A1

    

Task P Task Q Task R Task S
A 5 25 11 0

B 9 22 16 0

C 8 18 9 0

D 4 25 9 0  M1

    Reducing columns:

      

    

Task P Task Q Task R Task S
A 1 7 2 0

B 5 4 7 0

C 4 0 0 0

D 0 7 0 0  A1

    Revised matrix: M1

      A1

      A1

    

Task P Task Q Task R Task S
A 0 6 1 0

B 4 3 6 0

C 4 0 0 1

D 0 7 0 1  

    ii Final allocation: AP, BS, CQ, DR M1

  b Subtracting each entry from the biggest (35) gives:

      

      A1

    

Task P Task Q Task R Task S
A 20 0 14 25

B 18 5 11 27

C 14 4 13 22

D 22 1 17 26   9
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 3  Subtracting each entry from the biggest (58) gives: M1

   

  
      A1

    

Track Search Agility Control
Moss 9 22 6 0

Fly 38 50 32 26

Glenn 32 42 30 28

Fern 34 40 28 24  M1

    Reducing rows: A1

      M1

    

Track Search Agility Control
Moss 9 22 6 0

Fly 12 24 6 0

Glenn 4 14 2 0

Fern 10 16 4 0
 A1

    Reducing columns: M1

      A1

    

Track Search Agility Control
Moss 5 8 4 0

Fly 8 10 4 0

Glenn 0 0 0 0

Fern 6 2 2 0

    1st revision: M1

      A1

    

Track Search Agility Control
Moss 3 6 2 0

Fly 6 8 2 0

Glenn 0 0 0 2

Fern 4 0 0 0

    2nd revision:

      A1

    

Track Search Agility Control
Moss 1 4 0 0

Fly 4 6 0 0

Glenn 0 0 0 4

Fern 4 0 0 2

    This gives the final allocation as: Glenn – tracking, Fern – search, 
Moss and Fly to do agility and control but who does what does  A1
not matter.

 12

 



Decision D2© Oxford University Press 2009

 4 a Reducing rows: M1

      A1

    

Cost H P R G
A 4 1 6 0

B 4 2 6 0

C 2 0 * 0

D 3 0 4 0  M1

    Reducing columns:

      A1

    

Cost H P R G
A 2 1 2 0

B 2 2 2 0

C 0 0 * 0

D 1 0 0 0  M1

  b  Revised matrix:

    

Cost H P R G
A 1 0 1 0

B 1 1 1 0

C 0 0 ∞ 1

D 1 0 0 1  A1

     This now gives: C must do H, D must do R, B must do G and thuds  A1
A does P. Total cost: £ 18 000 A1

    The allocation is unique since C cannot do the Rewiring. E1
 9

 5   Give each cell(i, j) a value xij = 1 or 0. These are the decision  M1
    variables (1 means allocated, 0 means not allocated)

    Maximise T =  12x11 + 10x12 + 9x13 + 10x21 + 13x22 + 12x23 + 20x31  A1
+ 16x32 + 18x33 M1

    Subject to x11 + x12 + x13 = 1 
     x21 + x22 + x23 = 1 
     x31 + x32 + x33 = 1 
     x11 + x21 + x31 = 1 
     x12 + x22 + x32 = 1 A1
     x13 + x23 + x33 = 1 A1
 5
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 6 a There needs to be a dummy row since the problem is unbalanced. E1
     The matrix needs re-writing as a cost matrix by subtracting each  E1

element from the largest in the table (58):

      M1

    

Site
Type of 

development A B C D

Retail 20 16 23 10

Industrial 32 28 21 25

Housing 4 8 13 0

Dummy 0 0 0 0
 A1

  b Reducing rows:

   

      M1

      
    

Site
Type of 

development A B C D

Retail 10 6 13 0

Industrial 11 7 0 4

Housing 4 8 13 0

Dummy 0 0 0 0
 A1

    NB: Reducing columns has no effect.

    Modified matrix:

      M1

      

    

Site
Type of 

development A B C D

Retail 6 2 13 0

Industrial 7 3 0 4

Housing 0 4 13 0

Dummy 0 0 4 4
 A1

     Retail should be on site D, Industrial on site C and Housing on  A1
site A. Site B should be left undeveloped.

    Total profit: £1 390 000 A1

 10
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Exam-style assessment

 1.  John and Kate play a zero-sum game, represented by the pay-off matrix 
for John as shown.

Kate

K1 K2 K3

John
J1 -5 -2 4

J2 2 1 -3

  (a) Show that there is no stable solution.

  (b) Find the best strategy for John and the value of the game to him.

  (c) Write down the value of the game to Kate and her pay-off matrix.

 2.  A two-person zero-sum game is represented by the following pay-off matrix for 
player X.

Y

Y1 Y2 Y3

X
X1 -4 3 4

X2 3 -2 -5

  (a) Write down the pay off matrix for player Y.

  (b)  Formulate the game as a linear programming problem for player Y. 
Write the constraints as equalities. State your variables clearly.

 3. A two-person zero-sum game has this pay-off matrix for player A as shown.

B

B1 B2 B3

A

A1 1 -2 2

A2 0 2 -1

A3 -1 0 -3

  (a)  Identify the play safe strategies for each player and show that 
there is no stable solution to the game.

  (b) Use dominance to reduce the game to a 2 ´ 3 matrix.

  (c) Find the best strategy for player A, and the value of the game.

Game theory4
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 4.  A two-person zero-sum game is represented by the following 
pay-off matrix for player A.

B

B1 B2 B3

A
A1 5 1 4

A2 2 5 3

  Formulate the game as a linear programming problem for player B.
  Write the constraints as inequalities and define your variables clearly.

 5. (a) Explain what is meant by a zero-sum game.

  A two-person zero-sum game is represented by this payoff matrix for player A.

B

I II III

A

I 2 1 -1
II 0 5 1

III 3 4 5

  (b) Find the play safe strategy for each player.

  (c) Verify that the game has a saddle point. Explain the implications of this.

  (d) State the value of the game.

  (e) Write down the payoff matrix for player B.

 6. A two-person zero-sum game is represented by this payoff matrix for player A.

B

I II

A

I -3 3

II -2 1

III 3 0

  (a) Verify that there is no stable solution for this game.

  (b) Find graphically the optimal strategy for player B.

  (c) Explain why player A should not use strategy I. 
   Find the optimal mix of the remaining two strategies.

  (d) State the value of the game.
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Game theory

Exam-style mark scheme

4
 Question Solution Marks
 Number

 1 a Max row min = -3, min column max = 1 M1 A1

    

    

Kate

K1 K2 K3

Row 
minima

Max of row 
minima

John
J1 -5 -2 4 -5

J2 2 1 -3 -3 -3
Column maxima 2 1 4

Min of column 
maxima 1

  b John plays J1 with probability p. M1

    Optimal when  
    Value = -0.5.

    

0
0

2

6

4

–2

–4

–6

0.2 0.4 0.6 0.8 1 1.2

v = –7p + 2

v = 7p – 3

v = –3p + 1

      M1

       A1

       A1 ft

  c Value to Kate = 0.5. 
    Pay-off matrix is

    

John

J1 J2

Kate

K1 5 -2
K2 2 -1
K3 -4 3

  M1

     A1

      
 8
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 2 a   M1

      A1

    

X
X1 X2

Y

Y1 4 -3
Y2 -3 2

Y3 -4 5

  b Add 4 to all values to avoid negative value. M1

    

X
X1 X2

Y
Y1 8 1

Y2 1 6

Y3 0 9

     Play Y1, Y2, Y3 with probabilities p1, p2, p3. Value is v 
(= original value + 4)

    Maximise P = v
    Subject to v – 8p1 – p2 + r = 0
      v – p1 – 6p2 – 9p3 + s = 0
      p1 + p2 + p3 + t = 1
      v, p1, p2, p3  0 A1

    Or, putting p3 = 1 – p1 – p2,
    Maximise P = v
    Subject to v – 8p1 - p2

  + r = 0 A1 (both)
      v + 8p1 + 3p2 + s = 9
      v, p1, p2,  0 
 5
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 3 a   M1

      A1

      E1

    

B

B1 B2 B3

Row 
minima

Max of row 
minima

A

A1 1 -2 2 -2  

A2 0 2 -1 -1 -1
A3 -1 0 -3 -3  

Column 
maxima

1 2 2

Min of column 
maxima

1   

    Playsafe strategy is A2 for player A and B1 for player B. 
    Max of row minima ¹ min of column maxima, so no stable solution.

  b   M1
      

      A1

    

B

B1 B2 B3

A
A1 1 -2 2

A2 0 2 -1

  c A plays A1 with probability 3
7 and A2 with probability 4

7
. M1

    Value of the game = 2
7

 M1
      A1
      A1
 9

 4  Maximise P = x1 + x2 + x3 B1
     5x1 + x2 + 4x3  1
    Subject to: 2x1 + 5x2 + 3x3  1  B1
     x1, x2, x3  0 B1
 3
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 5 a Player A’s winnings equal player B’s losses. M1

  b  B

I II III
Row 

minima
Max of 

row minima

A

I 2 1 -1 -1
II 0 5 1 0

III 3 4 5 3 3

Column 
maxima

3 5 5

Min of 
column 
maxima

3

 A1

    Max row min = 3, min column max = 3
    A plays III and B plays I E2

  c   Since max row min = min column max, the game has a saddle point 
in cell 3, 1 and this means the game is stable. There is no advantage   B1
to either player in deviating from their playsafe strategy.

  d The value is 3 M1

  e  A
I II III

B

I -2 0 -3
II -1 -5 -4
III 1 -1 -5

 A1

 7

 6 a  Max row min = 0, min column max = 3. Since these are not equal,  M1
there is no stable solution. A1

    3q - 3(1 - q) = 6q - 3
    2q - 1(1 - q) = 3q - 1
    -3q + 0(1 - q) = -3q

  b  

0
0

1

3

2

4

–1

–2

–3

–4

0.2 0.4 0.6 0.8 1 1.2

3q – 1

–3q

6q – 3
 M1

      M1

      A1

    B should play I a sixth of the time and II five sixths E1

  c  Playing strategy I would increase B’s payoff
    -2p + 3(1 - p) = 3 - 5p M1
    p + 0(1 - p) = p
    Þ 3 - 5p = p, p = 1

2
    A should play strategies II and III each half of the time A1

  d  Value of game = -0.5 A1
 9



Decision D2© Oxford University Press 2009

Exam-style assessment

 1. The table shows the least distances, in km, between five towns, A, B, C, D and E.

A B C D E

A – 125 65 92 84

B 125 – 53 106 115

C 65 53 – 56 70

D 92 106 56 – 98

E 84 115 70 98 –

  (a)  Use Prim’s algorithm to find the minimum spanning tree and hence state 
an upper bound for the length of the optimal travelling salesman route.

  (b)  By using short cuts on your result from part a find an upper 
bound which is less than 410 km.

  (c)  Use the nearest neighbour algorithm, starting from A, to obtain 
another possible upper bound.

  (d) By deleting E, find a lower bound.

  (e)  Using your answers to parts b, c and d, state the best available inequalities 
satisfied by the optimal tour length T.

 2.   

D

B

2

9

1
1 1 1

2
2

1

28

2
2 G

E

FCA

   The diagram shows the lengths of the routes between seven towns. A van driver, 
starting from A, needs to make a delivery in each town and return to A.

  (a)  By deleting F, find a lower bound for the distance the driver will have 
to travel.

  (b) Construct a table of shortest distance.

  (c)  Use the nearest neighbour algorithm, starting from A, to obtain an upper 
bound for the distance the driver will travel.

  (d)  Use the nearest neighbour algorithm, starting from C, to obtain a second upper 
bound for the distance the driver will travel.

  (e)  For the better of your two upper bounds, state the order in which the driver, 
starting from A, would pass through the towns.

Travelling salesman problem5
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 3.  The diagram shows the roads connecting five electricity substations, 
B, C, D, E and F, with the maintenance depot at A. The distances 
shown are in miles.

   An engineer needs to inspect all the substations, starting and 
ending her journey at the depot.

  (a)  State, with reasons, whether the network satisfies the triangle 
inequality.

  (b) Construct, by inspection, a table of shortest distances.

  (c) By deleting A, find a lower bound for the distance she will have to travel.

  (d)  Use the nearest neighbour algorithm, starting from A, to show that she 
needs to travel at most 80 miles. List a possible route she should follow 
to achieve this.

  (e)  Deleting C gives a lower bound of 74 miles. Write down the best available 
inequalities satisfied by T, the length of her optimal route.

 4.  A village hall has a room which is booked for five activities, one each day from 
Monday to Friday. The activities are playschool (P), dog training (T ), yoga (Y ), 
badminton (B) and country dancing (D). The room is only used for these activities. 
The hall caretaker cleans up after each activity and sets out any equipment needed 
for the next scheduled activity. Playschool must be scheduled for Monday and it 
is decided to order the remaining activities so that the total time spent by the 
caretaker is a minimum.

   The table shows the time, in minutes, required by the caretaker to make the 
required changes between each of the different activities.

To

From

Time P T Y B D

P – 45 35 64 42

T 45 – 30 72 48

Y 35 30 – 56 42

B 64 72 56 – 50

D 42 48 42 50 –

  (a) Explain why this problem is equivalent to the travelling salesman problem.

  (b) It is suggested that the schedule should be

Monday Tuesday Wednesday Thursday Friday

P Y T D B

  How much time would the caretaker spend using this schedule?

  (c)  Use the nearest neighbour algorithm, starting with Y, to find an ordering which 
improves on the suggested schedule. State which activities would be scheduled 
for which days, and find the total caretaker time needed.

  (d) By deleting P, find a lower bound for the time taken each week.

 

F

B

17

15

21

7

16

26

9

16

6

11

D

C

E

A

F

B

17

15

21

7

16

26

9

16

6

11

D

C

E

A
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 5.  The diagram shows the roads connecting six towns, 
A–F. The distances shown are in km.

  (a)  Find the minimum spanning tree for this network 
and hence state an upper bound for the length, T, 
of the optimal travelling salesman route.

  (b) Use short cuts to find an upper bound below 80 km.

  (c) Construct a table of shortest distances for this network.

  (d)  Use the nearest neighbour algorithm, starting 
from F, to obtain another upper bound for T.

  (e) By deleting A, find a lower bound for T.

  (f)  Deleting C gives a lower bound of 66 km. Using all the information you 
have, write down the best available inequalities satisfied by T.

 6.  The diagram shows the travelling times, in minutes, 
between five locations, P – T.

  (a)  By deleting P, find a lower bound for the length 
of the optimal travelling salesman route for 
this network.

  (b)  By deleting R, find a second lower bound. State, 
with reasons, which of your two results is the 
better lower bound.

  (c)  Sketch a network showing the edges that give your lower bound 
from part (b). Comment on the significance of your diagram.

F

B

12

8

9
13

16

13

10

10

14

17C

D

E

A

F

B

12

8

9
13

16

13

10

10

14

17C

D

E

A

P

Q

R

ST 14

10

13 6
9

8

7 12

11

8

P

Q

R

ST 14

10

13 6
9

8

7 12

11

8
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Travelling salesman problem

Exam-style mark scheme

5
 Question Solution Marks
 Number

 1 a Using Prim, arcs are added in the following order: M1

    AC(65), CB(53), CD(56) and CE(70) giving MST of length 244.  A1
    This means the upper bound is 488 km. A1

  b   AE(84) replaces ACE(135), AD(92) replaces ACD(121) and BD(106)  M1
replaces BCD(109) to give new upper bound of 405 km. A1

    (Other answers possible)

  c  ACBDEA is of total length 406 km. M1 A1

  d  70 + 84 + MST (174) = 328 km. M1 A1

  e  328  T  405 A1 ft
 10

 2 a (9 + 12 + 15 + 11 + 25) + (14 + 16) = 102 km 

  b  A B C D E F G
A - 20 12 21 31 48 46

B 20 - 15 24 11 18 36

C 12 15 - 9 26 14 34

D 21 24 9 - 35 23 28

E 31 11 26 35 - 16 25

F 48 18 14 23 16 - 20

G 46 36 34 28 25 20 -

  

  c 153 km 

  d 131 km 

  e ABEFGFCDCA
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 3 a No: AC + BC < AB, for example. E1

  b  A B C D E F

A - 16 7 18 23 22

B 16 - 9 20 25 24

C 7 9 - 11 16 15

D 18 20 11 - 6 22

E 23 25 16 6 - 16

F 22 24 15 22 16 -

  B2 (score 
B1 if errors but 
fewer than 3)

  c 7 + 16 + MST (41) = 64 miles M1 A1

  d  ACBDEFA gives a distance of 80 miles. A possible route would  M1 A1
be ACBCDEFCA A1

  e 74  T  80 B1
 9

 4 a   Could be modelled by a network with the vertices corresponding to the 
activities and the arcs to the transition from one to the next. Weights 
would be changeover times. The aim is to visit each vertex once 
and return to the start. E1

  b  35 + 30 + 48 + 50 + 64 = 227 minutes (3 hours 47 minutes) M1 A1

  c   YTPDBY gives total time as 223 minutes (3 hours 43 minutes)  M1 A1
Playschool: Mon, Dancing: Tues, Badminton: Wed, Yoga: Thurs, 
Dog training: Fri A1

  d  35 + 42 + MST (122) = 199 minutes (3 hours 19 minutes) M1 A1
 8

 5 a   Using appropriate algorithm, included arcs are AC, CF, CD, CB and  M1
BE – length 50. Upper bound is therefore 100 km. A1 A1

  b   ED(14) replaces EBCD(32), FD(16) replaces FCD(21) and AB(12)  M1
replaces ACB(19) to give new upper bound of 70km. A1

  c  A B C D E F
A - 12 10 23 22 13

B 12 - 9 22 10 17

C 10 9 - 13 19 8

D 23 22 13 - 14 16

E 22 10 19 14 - 17

F 13 17 8 16 17 -

  B2 (score B1 if 
errors but fewer 
than 3)

  d FCBEDAF gives upper bound of 77 km. M1 A1

  e 10 + 12 + MST (40) = 62 km M1 A1

  f 66  T  70 A1 ft
 12
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 6 a 7 + 9 + MST (22) = 38 minutes M1 A1

  b 6 + 8 + MST (25) = 39 minutes M1 A1

     D1

  c The edges form a cycle and the solution is therefore optimal. E1
 6
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Exam-style assessment

 1.  The diagram shows a capacitated network in which the numbers on the arcs 
indicate capacities in thousands of litres per hour.

C

A

32

14

12

35

16

18

24

43

10

15
T

B

D

E

S

  (a)  Show that it is not possible to achieve a flow of 60 000 litres per hour through 
the network from S to T.

  (b) State the maximum flow along

   (i) SABT (ii) SCET.

  (c)  Show these flows on a copy of this diagram. 
Taking this as the initial flow pattern, use the 
labelling procedure to find the maximum 
flow from S to T. 

    List each flow-augmenting path you use, 
together with its flow.

  (d) Draw a diagram to illustrate your maximum flow.

  (e) Prove that your flow is maximal.

 2. The network shown has a sink G and two sources.

  (a) Identify the sources.

  (b)  Introduce a supersource S, indicating the least 
potential flow for the edges leading from S.

  (c) Find the maximal flow from S to G.

  (d)  Draw the original network to show the flow 
you have found.

  (e)  Use the maximum flow–minimum cut theorem to 
confirm that the flow you have found is maximal.

C

A

T

B

D

E

S

C

A

T

B

D

E

S

D

B

5 2

3
9

6

5

6
3

F
5

4

7 8

E

C

G

A

D

B

5 2

3
9

6

5

6
3

F
5

4

7 8

E

C

G

A

Networks and fl ows6
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 3. 

B

A

24

Cut 1

Cut 2
Cut 3

17

14

35

12

26

11

15

24

6

8

T

D

C

E

S
11

12

15

23

18

x

z
y

5

113

   The diagram shows a capacitated, directed network of pipes. The number 
on each arc gives the capacity of that pipe. The numbers in circles show 
a feasible flow.

  (a) State the values of x, y and z.

  (b) State which, if any, of the arcs are saturated.

  (c) State the value of the given feasible flow.

  (d) State the capacities of the three cuts shown.

  (e) Find by inspection a flow-augmenting route to increase the flow by two units.

  (f ) Prove that the new flow is maximal.

 4. 

B

A

16

5
15

9

16

12

9

9

D

3

C E

F

S

   The diagram shows a network of pipes. The numbers on the arcs represent the 
capacity of the pipes.

  (a)  Draw a diagram with a supersink, T. Indicate the minimum capacities of the 
arcs leading to T.

  (b) State the maximum possible flow along 
   (i) SACF (ii) SBDF.

  (c)  Using your flows from part (b) as the initial feasible flow, use the labelling 
procedure to find the maximal flow. State the flow-augmenting paths you use.

  (d)  Use the maximum flow–minimum cut theorem to confirm that your result 
in part (c) is maximal.
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 5.  A north-south motorway has two junctions, A and B, close to where it crosses a 
second east-west motorway. The second motorway has three junctions, F, G and H, 
in that region. The roads connecting these junctions have limited capacity – the 
capacities of the possible routes, in hundreds of vehicles per hour, are shown in 
the diagram.

  

D

C14

7

3

910

7

12

9

8

8

5
G

F

H

E

B

A

  (a)  Draw a diagram with a supersource S and a supersink T to obtain a single-source, 
single-sink capacitated network. State the capacities of the arcs you have added.

  (b) State the maximum flow possible along 

   (i) SAFT (ii) SACEGT (iii) SBDHT.

  (c)  Use the labelling procedure, starting with the flows from part (b), to obtain a 
maximal flow through the network.

  (d) Interpret your final flow pattern giving

   (i) the maximum number of vehicles leaving A and B per hour
   (ii) the maximum number of vehicles arriving at F, G and H per hour
   (iii) the maximum number of lorry loads passing through C per hour.
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Networks and flows

Exam-style mark scheme

6
 Question Solution Marks
 Number

 1 a  Cut (AB, DB, ET} has capacity 57 000 litres per hour, so max. flow 
cannot exceed this. E1

  b  i 18 000 ii 16 000 B1 B1

  c  

C

A

TD

B

E

S

18

18

16

0

0

18

0 16

0

19

12

10

25

8

14

14

15

16 0

0

 D2

    Paths 12 along SADBT, 8 along SCDET, 3 along SCDBT. 

    

C

A

TD

B

E

S

18

18 30 33

16

0

0

18
30

0
811

16
24

0
1215

19
11
8

12
0

10
2

25
13
10

8
0

14
2

14
63

15
3 0

16 24
27

0 8

0 12

 M1 M1
      M1 A1

      D2

  d  

C

A

30

11

12

27

16

18

24

33

8

15
T

B

D

E

S

  

  e  This is a flow of 57 000. E1
    This equals the cut from a so flow is maximal.
 12
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 2 a E and A B1

  b  

D

B

5
2

3
9

6

5

6
3

F
5

4

7 8

15

14

E

S

C

G

A

  D1 (source)
D1 (edge flows)

  c  Initial flows: SEFG: 8, SADG: 5 M1

    Flow-augmentation routes:
     SACG: increase by 3 M1
     SEBCG: increase by 2 M1
     SEBFG: increase by 1 M1
     SADCG: increase by 1 Max flow: 20 M1 A1

    NB: Other routes may be possible

  d  

D

B

0
2

3
9

6

5

6
1

F

0

1

3 8

9

E

S

C

G

A

11  D2

    NB: Other solutions possible depending on c

  e  Min cut is CG, DG, FG (20) E1
 12

 3 a Using B, x = 30 B1
    Using D, y = 8 B1
    Using C, z = 22 B1

  b BE, ET, DT plus: DC from a B1 B1

  c 48  B1 ft

  d Cut 1 = 61, cut 2 = 62, cut 3 = 61 B1 (all)

  e SBCT B1

  f Min cut is DT, CT, ET which is 50 E1
 9
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 4 a  

B

A

16

5

9

16

12

9

9

D

24

9

15
3

C

T

E

F

S

  D1 (sink)
D1 (edge flows)

  b  i 12 ii 9 B1 B1

  c  

B

A

41
12
15

0

5
2

3
0

0

0
9

0
12

9

9
0 3

3

D

21

9
6

6

03

12
3

3

3

C

T

E

F

S

74 0
9
12

 M1 A1

    SABDCFT increases the flow by 3, this gives max flow of 24.

    NB: Other routes possible

  d  Min cut is AC, DC, DF which is 24 E1
 7

 5 a  

B

S

9

8 5

10

8
12

19

23

7

14

3
7 15

22

99 T

D H

E

F

G

A

C

  D1 (source)
D1 (sink)
D1 (edge flows)

  b  i 9 ii 9 iii 8 B1 B1 B1

  c  Flow-augmenting paths:
     SACFT increases the flow by 5 M1
     SBDCFT increases the flow by 3 M1
     SBCEFT increases the flow by 1 Max flow: 3 500 M1 A1

    NB: Other solutions possible
 10
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Exam-style assessment

 1.  Archie lives near a shopping area. He walks from his flat to go to a newsagent and 
then a chemist. There are three newsagents, A, B and C, and three chemists, D, E 
and F. The table shows the walking time, in minutes, between these locations.

To

A B C D E F
Archie’s

fl at

From

Archie’s 
fl at

8 4 7 - - - -

A - - - 7 8 6 -

B - - - 4 7 10 -

C - - - 9 5 8 -

D - - - - - - 11

E - - - - - - 9

F - - - - - - 12

  (a) Draw a directed network to show the possible stages of his journey.

  (b)  Showing your working on your network, use dynamic programming to find the 
shops he should visit to minimise his total travelling distance.

 2.  Grain arrives at a port, S. It is taken to one 
of four mills, A, B, C and D, where it is 
turned into flour. It goes from there to one 
of three packaging plants, E, F and G, 
and finally to a distribution warehouse, T.

   A lorry takes a load from the port to one 
of the mills, a load from there to one of 
the plants and then a load to the warehouse. 
The table shows the tonnage of the 
available loads. Showing your working in 
the form of a table, use dynamic 
programming to find the route which 
maximises the weight of freight transported.

From
A B C D E F G T

To

A

S 22 21 23 20

B

− − −

−

−

−

−

−

−

−

−

−

−

−

−

− −

−−−−

−

−

−

−

−

−

−

−

−

22 1917

−

−

−

−

−

−

−

−

−

26

21

19

−

−

−

−

−

−

15 20 12

C 20 2412

18 19 23

D

E

F

G

From
A B C D E F G T

To

A

S 22 21 23 20

B

− − −

−

−

−

−

−

−

−

−

−

−

−

−

− −

−−−−

−

−

−

−

−

−

−

−

−

22 1917

−

−

−

−

−

−

−

−

−

26

21

19

−

−

−

−

−

−

15 20 12

C 20 2412

18 19 23

D

E

F

G

Dynamic programming7
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 3. (a)  Explain what is meant in dynamic programming by a maximin route. 
   Give an example of a situation leading to a problem of this type.

   

18

16

17
13

20

21

14

19

14

24

15

20

15
21

22

12
16

14
18

A

S

D

H T

G

E

C

B

F

I

  (b)  It is required to find a maximin route through the network shown in 
the diagram. Find all such routes, showing your working on the diagram.

 4.  A boat with a diesel engine is to be sailed from S to T, with a stop at A, B or C 
and a second stop at D, E or F. The diagram shows the number of gallons of 
diesel needed for each of the possible stages of the journey.

   

17

19

10

15

18

16

16

15

13

18

15
12

A

S

C

EB T

D

F

  (a)  The skipper decides to choose a minimax route – that is, the largest load of 
fuel they need to take on board will be as small as possible. Showing your 
working on a copy of the diagram, find the route that he should take.

  (b)  The skipper then has second thoughts and decides that they should try to use 
as little fuel as possible in completing the journey. Showing your working in 
a table, find the revised route.

 5.  A firm makes sets of luxury garden furniture. They can make up to five in any one 
week, at a cost of £80 each, but if they make more than three they have to take on 
anextra casual worker at a cost of £100 for the week. They can store up to two 
sets for £50 per set per week. The overhead costs are £500 in any week in 
which work is done.

   There are no sets in stock at the beginning of Week 1, and they want to have none 
in stock after Week 5.

  The order book is as follows.

Week 1 2 3 4 5

Numbers of sets 3 4 5 2 3

   Use dynamic programming to determine the production schedule that minimises 
the costs, showing your working in a table.
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 6.  A company has three projects to complete, but 
resource limitations prevent it from 
doing more than one project at a time.

   The profit from each project depends on which 
projects have already been completed. 

  The profits, in £thousands, are shown in the table.

  (a) Draw a network to model this situation.

   The company wants to standardise its profit as 
much as possible, so wishes to complete the 
projects so that the minimum profit gained is as 
great as possible.

  (b)  Showing your working on your diagram, 
use dynamic programming to find the 
order in which the projects should be 
completed to achieve this.

  It is suggested that the company is losing profit by adopting this policy.

  (c)  Showing your working in tabular form, use dynamic programming to test 
whether this is the case.

Completed

A B C
Project

None 5 7 9

A 12 6

B 8

13

10

5

8

11

14

C

A and B

A and C

B and C

−

−

−

−

−

−

−

−

−

Completed

A B C
Project

None 5 7 9

A 12 6

B 8

13

10

5

8

11

14

C

A and B

A and C

B and C

−

−

−

−

−

−

−

−

−



Decision D2© Oxford University Press 2009

Dynamic programming

Exam-style mark scheme

7
 Question Solution Marks
 Number

 1 a  
7

11

94

8

5
12

10

9

4
6

7

8

7

8

Start B

C F

Finish

DA

E

15

12

9

14

1117

19

*
*

*
*

**

*

  B1 (vertices) 
B1 (arcs) 
B1 (weights)

       M1 (stage 1) 
M1 (stage 2) 
M1 (stage 3) 

  b  Archie should travel to shops B and D, total time 19 minutes. A1
 7

 2   Stage State Act Dest Value
1 E ET T 26*

F FT T 21*

G GT T 19*

2 A AE E 41*

AF F 41*

AG G 31

B BE E 44*

BF F 40

BG G 42

C CE E 46*

CF F 33

CG G 43

D DE E 48*

DF F 38

DG G 38

3 S SA A 63

SB B 65

SC C 69*

SD D 68

  M1 (table)
M1 (Stage 1)

      A1

       M1 (stage 2) 
A1

       M1 (Stage 3)
A1

    Route is SCET, total weight 69 tonnes A1
 8
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 3 a   A route which maximises the minimum weight. Examples include things  E1 E1
like lorries travelling around roads which have weight limits on them 
(any sensible one for the mark).

  b  G: 15*  H: 16*  I: 18* M1 A1

    E: min(14, 15) = 14, min(19, 16) = 16*, min(14, 18) = 14
    F: min(17, 15) = 15, min(13, 16) = 13, min(24, 18) = 18* M1 A1

    A: min(15, 18) = 15*
    B: min(21, 16) = 16*, min(14, 18) = 14
    C: min(18, 16) = 16*, min(16, 18) = 16*
    D: min(12, 16) = 12* M1 A1

     S: min(20, 15) = 15, min(21, 16) = 16*, min(22, 16) = 16*, 
min(20, 12) = 12 M1 A1

    SBEHT, SCEHT, SCFIT are the three possible routes, weight 16 A1 (all)
 11

 4 a  

15

10

16

15 12

13

16

18

17

15

1918

D

15

E

19

B

1516

A

18

TS

F

17

C

17

*

*
*

*

*
*

 M1 (Stage 1)
      M1 (Stage 2)
      M1 (Stage 3)

    Route is SBDT, weight 16 gallons

  b  Stage State Act Dest Value
1 D DT T 15*

E ET T 19*

F FT T 17*

2 A AD D 33*

AE E 34

B BD D 27*

BE E 37

C CE E 29*

CF F 33

3 S SA A 48

SB B 43

SC C 42*

 A1

       M1 (table) 
M1 (Stage 1)
A1

       M1 (stage 2)
A1

       M1 (Stage 3)
A1

    Route is SCET, weight 42 gallons A1
 12
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 5   Stage Dem State Act Dest Value
1 3 0 3 0 740*

1 2 0 660*

2 1 0 580*

2 2 0 2 0 1400*

3 1 1450

4 2 1600

1 1 0 1320*

2 1 1370

3 2 1420

2 0 0 740*

1 1 1290

2 2 1340

3 5 0 5 0 2400*

1 4 0 2320*

5 1 2370

2 3 0 2140

4 1 2290

5 2 1840*

4 4 0 4 0 3320*

5 1 3370

1 3 0 3140

4 1 3290

5 2 2940*

2 2 0 3060

3 1 3110

4 2 2860*

5 3 0 3 0 4060

4 1 3910*

5 2 3960

  M1 (table) 
M1 (stage 1) 
A1

       M1 (stage 2) 
A1

       M1 (stage 3) 
A1

       M1 (stage 4) 
A1

       M1 (stage 5) 
A1

     Week 1: make 4, store 1, Week 2: make 5, store 2, Week 3: make 5,  A1
store 2, Week 4: make 0, store 0, Week 5: make 3, store 0

 12
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 6 a  
12

14

87

5

13
10

11

8
5

9

6

S B

C BC

T

ABA

AC

10

10

8

8

1412

8

* *

*

*

*

*

*

  B1 (vertices) 
B1 (arcs) 
B1 (weights)

       M1 (stage 1) 
M1 (stage 2) 
M1 (stage 3)

  b  CAB gives a minimum profit of £ 80 000

  c  Stage State Act Dest Value
1 AB C T 14*

AC B T 8*

BC A T 10*

2 A B AB 26*

C AC 14

B A AB 22*

C BC 21

C A AC 21*

B BC 15

3 S A A 31*

B B 29

C C 30

  A1

       M1 (table) 
M1 (stage 1) 
A1

       M1 (stage 2) 
A1

       M1 (stage 3) 
A1

     The company could make £ 310 000 profit by building A then B then C, 
whereas the route in part (b) only generates £ 300 000 profit so yes 
they are losing profit. E1
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